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Abstract
We calculate the instanton corrections in the effective prepotential for N = 2 super-
symmetric Yang-Mills theory with all A-D-E gauge groups from the Seiberg-Witten geom-
etry constructed out of the spectral curves of the periodic Toda lattice. The one-instanton
contribution is determined explicitly by solving the Gauss-Manin system associated with
the A-D-E singularity. Our results are in complete agreement with the ones obtained
from the microscopic instanton calculations.
1 Introduction
According to Seiberg-Witten (SW) the exact solution describing the Coulomb branch
of N = 2 supersymmetric gauge theory in four dimensions is formulated in terms of a
Riemann surface together with a specific differential λSW [1]. A non-trivial test of the SW
type solution is to check if the instanton corrections to the prepotential obtained from the
non-perturbative geometric description agree with the microscopic instanton calculations.
So far the tests have been carried out successfully for N = 2 Yang-Mills theory as well as
N = 2 QCD with various classical gauge groups [2]-[5]. For the classical groups Riemann
surfaces are described in terms of hyper-elliptic curves. Toward the generalization to the
case of the exceptional gauge groups, several groups attempted the hyper-elliptic type
description by embedding the exceptional groups to certain classical gauge groups [6].
Martinec and Warner [10] proposed another type of Riemann surfaces based on the
spectral curve of the periodic Toda lattice for any gauge groups. In the case of the
exceptional gauge groups, however, the spectral curves are different from the hyper-elliptic
ones and have different strong-coupling physics. Recent analysis of instanton expansions
in the case of exceptional gauge groups G2 [7] and E6 [8] suggests that only the spectral
curves yield the result consistent with the microscopic instanton calculus.
Our purpose in this paper is to perform the weak-coupling analysis of SW geometry,
and in particular to examine the one-instanton correction to the prepotential for N = 2
Yang-Mills theory with E6, E7 and E8 gauge groups based on the spectral curves. In fact
our procedure applies systematically to all A-D-E gauge groups. As will be seen, this is by
virtue of the fact that the Picard-Fuchs equations for the N = 2 SW period integrals are
equivalent to the Gauss-Manin system for two-dimensional A-D-E topological Landau-
Ginzburg (LG) models and the scaling relation for λSW , which is reported in our previous
communication [9].
In section 2 the Picard-Fuchs equations formulated in terms of the flat coordinates are
presented. We derive the solutions of these Picard-Fuchs equations in the weak-coupling
region in section 3. We then analyze in detail the one-instanton contribution and compare
with the microscopic calculations in section 4. Our results are in complete agreement with
the ones obtained from the microscopic instanton calculations. As a by-product it is found
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that the Gauss-Manin system for the A-D-E singularity has logarithmic solutions. This
is described in section 5. Finally section 6 is devoted to discussions and conclusions.
2 Picard-Fuchs equations
We start with briefly summarizing a general scheme for SW curves. Martinec and Warner
proposed that the SW Riemann surface for N = 2 Yang-Mills theory with a simple group
G is given by a spectral curve of the periodic Toda lattice associated with the dual group
G∨ [10]. For G = ADE, in particular, G = G∨ and, given any irreducible representation
R of G, the spectral curve is written in terms of the characteristic polynomial for R
PRG
(
x, u1, · · · , ur−1, ur + z + µ
2
z
)
= 0, (1)
which is of degree dimR in x, and z is a spectral parameter [11]. Here each Casimir
ui (i = 1, · · · , r; r = rankG) has degree qi = ei + 1 where ei is the i-th exponent of G.
Throughout this paper, we denote the quadratic Casimir by u1 and the top Casimir of
degree h by ur with h being the dual Coxeter number of G; h = r+1, 2r−2, 12, 18, 30 for
G = Ar, Dr, E6, E7, E8, respectively. When we identify (1) with the N = 2 SW curve the
Casimirs are regarded as gauge invariant moduli parameters in the Coulomb branch and
µ2 = Λ2h/4 with the dynamical scale Λ. The meromorphic SW differential is given by
λSW =
x
2πi
dz
z
. (2)
To describe the moduli space of the Coulomb branch we adopt the flat coordinate sys-
tem (t1, t2, · · · , tr) developed in the A-D-E singularity theory instead of the conventional
Casimir coordinates (u1, u2, · · · , ur). The coordinate transformation is read off from the
residue integral
ti = ci
∮
dxWRG (x, u)
ei
h , i = 1, · · · , r (3)
with a suitable constant ci [13],[14]. Here W
R
G is obtained by solving (1) with respect to
ur
z +
µ2
z
+ ur = W˜
R
G (x, u1, · · · , ur−1), (4)
and setting
WRG (x, u1, · · · , ur) = W˜RG (x, u1, · · · , ur−1)− ur. (5)
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Notice that the overall degree of WRG is equal to h. The flat coordinates ti are expressed
as polynomials in ui. By degree counting we see
∂
∂tr
=
r∑
i=1
∂ui
∂tr
∂
∂ui
= − ∂
∂ur
, (6)
and hence
∂WRG
∂tr
= 1. (7)
Introducing the flat coordinates for the N = 2 moduli space is motivated by the fact
that W r+1Ar and W
2r
Dr are the well-known LG superpotentials for the Ar- and Dr-type
topological minimal models respectively [12]. Moreover it is demonstrated explicitly that
W 27E6 describes precisely the E6 topological LG model [13]. In the following, therefore,
we are led to assume that W 56E7 and W
248
E8
give the single-variable version of the LG
superpotentials for the E7 and E8 models respectively.
In terms of the flat coordinates, the Picard-Fuchs equations for the SW period integrals
Π =
∮
λSW take a succinct form [9]
L0Π ≡
(
r∑
i=1
qiti
∂
∂ti
− 1
)2
Π− 4µ2h2∂
2Π
∂t2r
= 0,
LijΠ ≡ ∂
2Π
∂ti∂tj
−
r∑
k=1
Cij
k(t)
∂2Π
∂tk∂tr
= 0, (8)
where Cij
k(t) are the three-point functions in the two-dimensional A-D-E topological LG
models. We refer to the first equation of (8) as the scaling equation and the second
ones as the Gauss-Manin system. Exactly the same form of the Gauss-Manin system has
originally appeared in the study of the A-D-E singularity [15],[16], and become relevant
in the context of two-dimensional topological gravity [14].
In [10] it is argued that the spectral curve (1) describes the same physics of the
Coulomb branch of N = 2 A-D-E Yang-Mills theory irrespective of the representation R.
Thus we expect that the explicit form of the Picard-Fuchs equations (8) does not depend
on R. This also implies that, independently of R, the superpotential WRG gives rise to
the same topological field theory results with the standard A-D-E topological LG models.
As an instructive example let us quote the result for the representations 5 and 10 of A4
3
[13]. The characteristic polynomials for 5 and 10 are
P 5A4 = x
5 − u1x3 − u2x2 − u3x− u4,
P 10A4 =
1
4
(p21p2 − q21) + u4q1 − u24
= x10 − 3u1x8 − u2x7 + 3(u21 + u3)x6 + (2u1u2 + 11u4)x5 + (−2u1u3 − u31 − u22)x4
+(−4u1u4 − 4u2u3 − u21u2)x3 + (−u21u3 − 4u23 + u1u22 + 7u2u4)x2
+(4u3u4 + u
3
2 + u
2
1u4)x− u24 + u22u3 − u1u2u4, (9)
where
q1 = 11x
5 − 4u1x3 + 7u2x2 + (u21 + 4u3)x− u1u2,
p1 = 5x
3 − u1x+ u2,
p2 = 5x
4 − 2u1x2 + 4u2x+ u21 + 4u3. (10)
The superpotentials are obtained as
W 5A4 = P
5
A4 ,
W 10A4 =
1
2
(q1 ± p1√p2)− u4. (11)
Applying (3) we observe that both superpotentials yield the identical formula for the flat
coordinates
t1 = −ω3u1, t2 = −ω2u2, t3 = −ω
(
u3 +
u21
5
)
, t4 = −
(
u4 +
u1u2
5
)
(12)
with ω = 1/51/5. Furthermore it is shown that the chiral ring obtained from W 10A4 has the
same structure with that from W 5A4 .
These R-independent results may be considered as the materialization of the univer-
sality of the special Prym variety, which is a complex rank G-dimensional sub-variety of
the Jacobian of the curve, known in the theory of spectral curves [17].
Finally we note that when dealing with (8) one may need to know the explicit form
of Cij
k(t). It is well-known that there exists the free energy F (t) such that Cijk(t) =
∂3F (t)/∂ti∂tj∂tk where Cijk(t) = Cij
ℓ(t)ηℓk with ηℓk = δeℓ+ek,h, and Cijr(t) = ηij [12]. For
the A4 model the free energy is given by
FA4(t) = t2t3t4 +
t1t
2
4
2
+
t33
6
− t
4
2
12
− t1t
2
2t3
2
− t
2
1t
2
3
4
+
t31t
2
2
6
− t
6
1
120
. (13)
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When we analyze the instanton expansion, however, we can proceed without using Cij
k(t)
explicitly as will be seen in the next section.
3 Solutions of the Picard-Fuchs equations
In the semi-classical weak-coupling region where µ2 ≪ 1, we can find solutions of (8)
explicitly. Let e(b) (b = 1, · · · , dimR) be a root of the characteristic polynomial, then
PRG (x, u1, · · · , ur) =
dimR∏
b=1
(x− e(b)) (14)
and
e(b) = (λ(b), a¯), (15)
where λ(b) are the weights of R, ( , ) stands for the inner product and
a¯ =
r∑
i=1
a¯iαi (16)
with αi being the simple roots of G.
For our discussions it suffices to take generic values of a¯i at which e
(b) 6= e(b′) for b 6= b′.
It follows that e(b) also satisfy
WRG (e
(b), u1, · · · , ur) = 0, ∂xWRG (e(b), u1, · · · , ur) 6= 0, (17)
where the second equation is easily derived from
∂xP
R
G (e
(b), u1, · · · , ur) 6= 0 (18)
with the aid of the theorem on implicit function.
For simplicity let us denote WRG as W henceforth. We obtain from (2) and (5) that
λSW =
1
2πi
xW ′√
W 2 − 4µ2 dx, (19)
where ′ = ∂/∂x. In the classical limit µ2 → 0, λSW has a simple pole at x = e(b). When we
turn on µ2 6= 0 the pole splits into two branch points at x = e(b)± where e(b)+ − e(b)− = O(µ).
Fix a branch cut connecting e
(b)
+ and e
(b)
− , and take a closed contour C
(b) enclosing this
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branch cut anti-clockwise, then, expanding λSW around µ
2 = 0, we may evaluate the
period as
π(b)(t) =
∮
C(b)
λSW
=
∑
n≥0
(µ2)n
(n!)2
(
∂
∂tr
)2n ∮
e(b)
dx
2πi
xW ′
W
=
∑
n≥0
(µ2)n
(n!)2
(
∂
∂tr
)2n
e(b)(t), (20)
where we have used (7).
Our task now is to prove that π(b)(t) obtained above satisfies the Picard-Fuchs equa-
tions (8). We first point out that Cij
k(t) are independent of tr because
∂
∂tr
Cijk =
∂
∂ti
(
∂F (t)
∂tj∂tk∂tr
)
=
∂ηjk
∂ti
= 0, (21)
which ensures
[Lij , ∂/∂tr ] = 0. (22)
Therefore, if the roots e(b) satisfy the Gauss-Manin system of (8) so do π(b)’s. In fact it is
not difficult to show that e(b)(t) is a solution of the Gauss-Manin system. The proof goes
as follows. The derivative of W (e(b)(t), t) = 0 with respect to ti yields
∂e(b)
∂ti
= − φi
W ′
, (23)
where the RHS is evaluated at x = e(b)(t) and
φi(x, t) =
∂W (x, t)
∂ti
, i = 1, · · · , r (24)
are chiral primary fields in the LG model. Notice that φr = 1 as is seen from (7). The
fields φi obey the algebra
φiφj =
∑
k
Cij
k(t)φk +QijW
′, (25)
where we have
Q′ij =
∂2W
∂ti∂tj
(26)
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by virtue of the flat coordinates. Differentiate again (23) with respect to tj to obtain
∂2e(b)
∂ti∂tj
=
(φiφj)
′
W ′2
− Q
′
ij
W ′
− W
′′
W ′3
φiφj
=
∑
k
Cij
k(t)
(
φ′k
W ′2
− W
′′
W ′3
φk
)
, (27)
where (23), (25) and (26) have been utilized. Notice that Crℓ
k = Crℓjη
jk = ηℓjη
jk = δℓ
k,
and hence putting i = ℓ, j = r in (27) gives
∂2e(b)
∂tℓ∂tr
=
φ′ℓ
W ′2
− W
′′
W ′3
φℓ. (28)
Thus we have shown that the zeroes of the characteristic polynomial for any irreducible
representation of the A-D-E groups satisfy the Gauss-Manin system (8) for A-D-E singu-
larities.
For the fundamental representations of Ar and Dr this fact has been known to math-
ematicians since the forms of W r+1Ar and W
2r
Dr are standard in the theory of isolated sin-
gularities of types Ar and Dr [18].
† Our present result not only extends the foregoing
observation to the case of E-type singularities, but finds out the intimate relationship of
the polynomial invariants with the Gauss-Manin system.
We next show that π(b) satisfy the scaling equation of (8). For this purpose we recall
the quasihomogeneous property of the superpotential
xW ′ +
r∑
i=1
qiti
∂W
∂ti
= hW. (29)
Putting x = e(b) here and using (23) it is immediate to see that
De(b) ≡
(
r∑
i=1
qiti
∂
∂ti
− 1
)
e(b) = 0. (30)
From this and [
D2, ∂
m
∂tmr
]
=
∂m
∂tmr
(m2h2 − 2mhD), (31)
one can explicitly check that (20) indeed satisfy the scaling equation.
†We thank Kyoji Saito and Y. Yamada for informing this to us. Our proof here is based on Yamada’s
unpublished note (March, 1993) on the Ar-type singularity.
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Finally we note that a¯i(t) introduced in (16) determine the classical values of the
adjoint Higgs field Φ in the N = 2 vector multiplet
Φ =
r∑
i=1
a¯iHi, (32)
where Hi are the Cartan generators normalized as Tr HiHj = Kij with Kij being the
Cartan matrix. This means that the A-cycles Ai on the Riemann surface (1) may be fixed
by the relation
C(b) =
r∑
i=1
(λ(b), αi)Ai. (33)
The SW periods along the A-cycles are thus given by
ai(t) =
∮
Ai
λSW , i = 1, · · · , r (34)
which have the weak-coupling expansion
ai(t) = a¯i(t) +
∑
k≥1
a˜
(k)
i (t)Λ
bk, (35)
where b = 2h is the coefficient of the one-loop beta function and
a˜
(k)
i (t) =
1
4k(k!)2
(
∂
∂tr
)2k
a¯i(t). (36)
4 One-instanton corrections
Let us now turn to the analysis of instanton expansions in A-D-E Yang-Mills theory. It is
known that the N = 2 prepotential in the weak-coupling region of the Coulomb branch
takes the form
F(a) = τ0
2
r∑
i,j=1
aiKijaj +
i
4π
∑
α∈∆+
(α, a)2 ln
(α, a)2
Λ2
+
∑
k≥1
Fk(a)Λbk, (37)
where a(t) =
∑r
i=1 ai(t)αi, τ0 is the bare coupling constant, Fk(a) stands for the k-
instanton contribution and ∆+ is a set of positive roots of G.
In order to evaluate F1(a) we invoke the scaling relation [19]
r∑
i=1
ai
∂F(a)
∂ai
− 2F(a) = ib
2π
u1, (38)
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where the quadratic Casimir u1 and a¯i are related through
u1 =
1
2h
∑
α∈∆+
(α, a¯)2 =
1
2
TrΦ2. (39)
We substitute the weak-coupling expansion (37) together with (35) into (38). Making use
of (39) and
r∑
i=1
ai
∂Fk(a)
∂ai
= (2− bk)Fk(a), (40)
we obtain the one-instanton contribution
F1(a¯) = i
πb
∑
α∈∆+
(α, a¯)(α, a˜(1)). (41)
Since (36) gives
a˜(1) =
1
4
∂2a¯
∂t2r
=
1
4
∂2a¯
∂u2r
, (42)
further manipulations lead to
F1(a¯) = i
4πb
∑
α∈∆+
(α, a¯)
∂2(α, a¯)
∂u2r
=
i
4πb
∑
α∈∆+
1
2
∂2(α, a¯)2
∂u2r
−
(
∂(α, a¯)
∂ur
)2
=
1
4πib
∑
α∈∆+
(
∂(α, a¯)
∂ur
)2
, (43)
where in the second line we have used (39) and ∂u1/∂ur = 0. Notice here that
1
h
∑
α∈∆+
(α, αi)(α, αj) = Kij , (44)
then we find
F1(a¯) = 1
8πi
r∑
i,j=1
∂a¯i
∂ur
Kij
∂a¯j
∂ur
. (45)
Let us introduce the Jacobian determinant D, as well as its (i, j)-th cofactor Dij , of
the map from (a¯1, · · · , a¯r) to (u1(a¯), · · · , ur(a¯)) :
D = det
(
∂um
∂a¯n
)
,
Dij = (−1)i+jdetm6=i,n 6=j
(
∂um
∂a¯n
)
, (46)
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in terms of which we have
∂a¯i
∂ur
=
Dri
D
. (47)
Thus we finally arrive at
F1(a¯) = 1
8πi
r∑
i,j=1
DriKijDrj
D2
. (48)
We now compare our results with those derived by microscopic instanton calculations.
The general expression for the microscopic one-instanton term Fmicro1 in A-D-E Yang-Mills
theory is found in [3]. The result reads
Fmicro1 =
1
2b/2πi
F1(a), (49)
where
F1(a) =
∑
α∈∆+
∏
α0∈∆+;(α,α0)=0(a, α
0)2
∏
α1∈∆1(α)(a, α
1)(a, α1 − α)∏
α∈∆+(a, α)
2
. (50)
Here ∆1(α) denotes a set of roots which become the highest weights of SU(2) doublets
when we embed an SU(2) into G by taking a positive root α as an SU(2) direction. F1(a)
and Fmicro1 (a) should be related through
F1(a)Λb = Fmicro1 (a)Λbmicro, (51)
where Λmicro is the dynamical scale associated with the Pauli-Villas regularization scheme.
Hence what we have to show is that
F1(a¯) = 2
hπiF1(a¯) Λ
b
Λbmicro
. (52)
Before calculating the explicit form of F1(a¯) we examine its singularity structure.
To do this we first wish to discuss some properties of the Jacobian. The Casimirs
(u1(a¯), . . . , ur(a¯)) are invariant under the Weyl reflection σβ with respect to any root
β
uk(a¯) = uk(b¯), (53)
where
b¯ = σβ(a¯) = a¯− 2(β, a¯)
(β, β)
β. (54)
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From (53) we get
∂uk(a¯)
∂a¯i
=
r∑
j=1
∂b¯j
∂a¯i
∂uk(b¯)
∂b¯j
=
∂uk(b¯)
∂b¯i
− 2(αi, β)
(β, β)
r∑
j=1
βj
∂uk(b¯)
∂b¯j
, (55)
where b¯i is defined by b¯ =
∑r
i=1 b¯iαi. If a¯ is on the hyperplane defined by (β, a¯) = 0, we
get b¯ = a¯ and
r∑
j=1
βj
∂uk(a¯)
∂a¯j
= 0. (56)
This means that the expression
∑r
j=1 βj
∂uk(a¯)
∂a¯j
, which is a polynomial in a¯’s, is divided by
(β, a¯), and hence takes the form
r∑
j=1
βj
∂uk(a¯)
∂a¯j
= (β, a¯)fk,β(a¯) (57)
with fk,β(a¯) being a certain polynomial in a¯’s [20]. From (57) we find that the Jacobian
determinant D is also divided by (β, a¯) for any positive root β. Since the sum of exponents∑r
i=1 ei is equal to the number of positive roots, D is shown to be expressed as [21]
D = c
∏
α∈∆+
(α, a¯), (58)
where c is a certain constant which depends on the choice of the normalization of the
Casimirs.
It is now observed that the denominator of the RHS of (48) vanishes when (α, a¯) =
ǫ → 0 for a positive root α. Due to invariance of F1(a¯) under the Weyl transformation,
one may choose α as a simple root α1 without loss of generality. Choosing β = α1 in (57)
we find that
∂uk(a¯)
∂a¯1
= ǫfk,α1(a¯) ∼ O(ǫ) k = 1, · · · , r (59)
and the other ∂uk(a¯)
∂a¯i
(i 6= 1) are O(1). We have Dr1 ∼ O(1) and Dri ∼ O(ǫ) (i 6= 1). Thus,
in the numerator of (48) only the term Dr1K11Dr1 is of order one and contributes to the
most singular term in F1(a¯). In the limit ǫ→ 0, Dr1 behaves as
Dr1 = d1
∏
α∈∆′
(α, a¯) +O(ǫ), (60)
11
where d1 is a constant and ∆
′ is a subset of ∆+, which consists of the linear combinations
of simple roots α2, · · · , αr. We note that the positive root system can be decomposed into
the sets ∆i whose element α satisfies (α1, α) = i:
∆+ = ∆2 ∪∆1 ∪∆−1 ∪∆0. (61)
It is easy to see that ∆2 = {α1}, ∆1 = ∆1(α1), ∆−1 = {α−α1;α ∈ ∆1} and ∆′ = ∆−1∪∆0.
To summarize, in the limit ǫ→ 0, we obtain
F1(a¯) = 1
8πi
2d21
c2ǫ2
∏
α∈∆1(α1)(α, a¯)
2
+ · · · . (62)
This is the same singularity structure which is expected from the microscopic instanton
result (49). In view of the holomorhic property of the prepotential, we thus conclude that
the relation (52) holds up to a proportional constant. In order to determine this constant,
we need to calculate the Jacobian determinant explicitly. In the following we first express
D and Dir explicitly in terms of a¯i for the Ar and Dr gauge groups to work out (52). We
next proceed to the E6 gauge group.
4.1 Ar gauge group
For the group Ar, we consider the (r + 1)-dimensional representation, which is realized
by the traceless (r + 1) × (r + 1) matrices. It is therefore convenient to consider the
gl(r + 1) case, where the Cartan part (a¯1, · · · , a¯r+1) is generic, and then impose the
traceless condition
∑r+1
i=1 a¯i = 0.
§ As is shown in [3], F1(a¯) in (50) is then expressed as
F1(a¯) =
∑r+1
i=1 ∆(a¯1, · · · , ̂¯ai, · · · , a¯r+1)
2∆(a¯1, · · · , a¯r+1) , (63)
where ̂¯ai means to exclude a¯i, and
∆(a¯1, · · · , a¯n) =
∏
1≤i<j≤n
(a¯i − a¯j)2. (64)
On the other hand, the Casimirs u1, · · · , ur+1 of gl(r + 1) are defined by the charac-
teristic polynomial
r+1∏
i=1
(x− a¯i) = xr+1 −
r+1∑
i=1
uix
r+1−i. (65)
§In subsections 4.1 and 4.2 our use of notations a¯i is slightly different from that in the other sections.
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These Casimirs are related to sk ≡ ∑r+1i=1 a¯ki via Newton’s formula
sk − u1sk−1 − u2sk−2 − · · · − uk−1s1 − kuk = 0, (66)
from which we get
∂uk
∂a¯i
=
1
k
∂sk
∂a¯i
+
∑
m≥2
∑
j1+···+jm=k
dj1,···,jmsj1 · · · sjm−1
∂sjm
∂a¯i
, (67)
where dj1,···,jm are constants. Then we obtain
D =
1
(r + 1)!
det
(
∂si
∂a¯j
)
. (68)
Notice that this is nothing but the Vandermonde determinant and is shown to be
D = (−1)(r+1)r/2∏
i<j
(a¯i − a¯j). (69)
In a similar way one obtains
Dr+1k = (−1)r(r−1)/2
∏
i<j
i,j 6=k
(a¯i − a¯j). (70)
Hence we have
F1(a¯) = 1
8πi
∑r+1
i=1 ∆(a¯1, · · · , ̂¯ai, · · · , a¯r+1)
∆(a¯1, · · · , a¯r+1) . (71)
Putting (63) and (71) into (52) yields
Λbmicro = 2
r−1Λb. (72)
with b = 2(r + 1). This agrees with the value evaluated in [3].
4.2 Dr gauge group
For the group Dr, let a¯i be the skew eigenvalues of the matrix in the 2r-dimensional
representation, then it is shown that F1(a¯) in (50) becomes [3]
F1(a¯) =
2
∑r
i=1 a¯
2
i∆(a¯
2
1, · · · , ̂¯a2i , · · · , a¯2r)
∆(a¯21, · · · , a¯2r)
. (73)
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To rewrite (48) we examine the characteristic polynomial for the 2r-dimensional repre-
sentation
r∏
i=1
(x2 − a¯2i ) = x2r −
r∑
i=1
u˜ix
2r−2i, (74)
where u˜i’s are related to the Casimirs u1, · · · , ur of Dr by the formulas: u˜i = ui (i =
1, · · · , r − 2), u˜r−1 = ur and u˜r = u2r−1. Using ur−1 = a¯1 · · · a¯r, we find that
det
(
∂u˜i
∂a¯j
)
= −2ur−1D. (75)
Since the LHS of (75) becomes (−1)r(r−1)/2 2rur−1∏1≤i<j≤r(a¯2i − a¯2j) we obtain
D = −(−1)r(r−1)/2 2r−1 ∏
1≤i<j≤r
(a¯2i − a¯2j ). (76)
Similarly
Drk = −(−1)(r−1)(r−2)/2 2r−2 a¯k
∏
1≤i<j≤r
i,j 6=k
(a¯2i − a¯2j ). (77)
Thus F1(a¯) is rewritten as
F1(a¯) = 1
8πi
∑r
i=1 a¯
2
i∆(a¯
2
1, · · · , ̂¯a2i , · · · , a¯2r)
4∆(a¯21, · · · , a¯2r)
. (78)
The ratio of the dynamical scales is determined from (73), (78) and (52). We get
Λbmicro = 2
2r−8Λb (79)
with b = 2(r − 1), in agreement with [3].
4.3 E6 gauge group
For E6, we may construct the spectral curve from the fundamental representation 27 [11].
The superpotential reads
W 27E6 =
1
x3
(q1 ± p1√p2)− u6, (80)
where
q1 = 270x
15 + 342u1x
13 + 162u21x
11 − 252u2x10 + (26u31 + 18u3)x9 − 162u1u2x8
+(6u1u3 − 27u4)x7 − (30u21u2 − 36u5)x6 + (27u22 − 9u1u4)x5
14
−(3u2u3 − 6u1u5)x4 − 3u1u22x3 − 3u2u5x− u32,
p1 = 78x
10 + 60u1x
8 + 14u21x
6 − 33u2x5 + 2u3x4 − 5u1u2x3 − u4x2 − u5x− u22,
p2 = 12x
10 + 12u1x
8 + 4u21x
6 − 12u2x5 + u3x4 − 4u1u2x3 − 2u4x2 + 4u5x+ u22.
(81)
The Casimirs are expressed in terms of a¯i as follows
∗
u1 = − 1
12
χ2, u2 = − 1
60
χ5, u3 = −1
6
χ6 +
1
6 · 122χ
3
2,
u4 = − 1
40
χ8 +
1
180
χ2χ6 − 1
2 · 124χ
4
2, u5 = −
1
7 · 62χ9 +
1
20 · 63χ
2
2χ5,
u6 = − 1
60
χ12 +
1
5 · 63χ
2
6 +
13
5 · 123χ2χ
2
5
+
5
2 · 123χ
2
2χ8 −
1
3 · 64χ
3
2χ6 +
29
10 · 126χ
6
2, (82)
where χn = TrΦ
n and Φ = diag
(
(λ(1), a), · · · , (λ(27), a)
)
. The weight vectors λ(i) of 27
are listed in [22].
The ratio Λb/Λbmicro with b = 24 for E6 theory has not been known. Thus the present
analysis predicts the value of Λb/Λbmicro from (52). Using (82) we evaluate F1(a¯) and
Fmicro1 (a¯) numerically in the limit (α1, a¯)→ 0, and find
Λ24
Λ24micro
= 2−8 36. (83)
In a similar vein, our analysis now makes it possible to determine the ratio Λb/Λbmicro
for E7 and E8 theory in principle. To do this we need to write down the Casimirs ui in
terms of a¯i. However, this computation, though straightforward, requires more computer
powers than those available for us at present, and hence goes beyond the scope of this
paper.
5 Logarithmic solutions of the Picard-Fuchs equa-
tions
In this section we study the dual SW periods
aDi(t) =
∮
Bi
λSW (84)
∗We thank M. Noguchi and S. Terashima for providing us with some E6 data.
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defined by the B-cycles which have intersections #(Ai ∩ Bj) = δij . In the weak-coupling
region aDi may be evaluated by using aDi = ∂F/∂ai and (37). One obtains
aDi(t) = τ0
r∑
j=1
Kijaj +
i
2π
∑
α∈∆+
(α, αi)(α, a)
(
ln
(α, a)2
Λ2
+ 1
)
+
∑
k≥1
∂Fk(a)
∂ai
Λbk
= a¯Di(t) +
∑
k≥1
a˜
(k)
Di (t)Λ
bk, (85)
where we have
a¯Di(t) = τ0
r∑
j=1
Kija¯j +
i
2π
∑
α∈∆+
(α, αi)(α, a¯)
(
ln
(α, a¯)2
Λ2
+ 1
)
,
a˜
(1)
Di(t) = τ0
r∑
j=1
Kija˜
(1)
j +
3i
2π
∑
α∈∆+
(α, αi)(α, a˜
(1))
+
i
2π
∑
α∈∆+
(α, αi)(α, a˜
(1)) ln
(α, a¯)2
Λ2
+
∂F1(a¯)
∂a¯i
, (86)
· · · · · · ,
upon substituting the weak-coupling expansion (35) of ai. It is easy to see that
D2a¯Di = 0, (87)
and hence the scaling equation of (8) yields the recursion relations among a˜
(k)
Di . The
relation at O(Λb) is
D2a˜(1)Di − h2
∂2a¯Di
∂t2r
= 0 (88)
which reduces to the equation
∂F1(a¯)
∂a¯i
=
i
4πh
∑
α∈∆+
(α, αi)
∂2(α, a¯)∂t2r +
h
(α, a¯)
(
∂(α, a¯)
∂tr
)2 . (89)
This result is compatible with (40), (41) and (43). In view of (48), (89) provides us with
non-trivial identities for the Jacobian determinant and its first derivatives.
Next we consider the Gauss-Manin system of (8) and, in particular, concentrate on
checking if the logarithmic terms in a¯Di
∑
α∈∆+
(α, αi)(α, a¯) ln
(α, a¯)2
Λ2
, i = 1, · · · , r (90)
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satisfy the Gauss-Manin system. Substitute (90) in the Gauss-Manin system to obtain
∑
α∈∆+
(α, αi)
(α, a¯)
∂(α, a¯)
∂tm
∂(α, a¯)
∂tn
=
r∑
ℓ=1
Cmn
ℓ(t)
∑
α∈∆+
(α, αi)
(α, a¯)
∂(α, a¯)
∂tℓ
∂(α, a¯)
∂tr
, (91)
where the fact that a¯i obey (8) has been taken into account. To proceed a little further
we feel it more appealing to express (91) in terms of the LG variables. For this, recall
that, given a representation R of G, a¯i and the roots e(b) of the characteristic polynomial
(14) are related by (15). Choosing appropriate weights λ(b) we express a¯ in terms of e(b)
a¯i =
∑
b
Sib e
(b), (92)
where S is an invertible r × r matrix, so that
∂a¯i
∂tm
= −∑
b
Sib
φm(e
(b))
W ′(e(b))
(93)
with the use of (23). It is also convenient to define
M
(i)
bc =
r∑
j,k=1
∑
α∈∆+
(α, αi)(α, αj)(α, αk)
(α, a¯)
SjbSkc. (94)
Eq.(91) is then rewritten as
∑
b,c
M
(i)
bc
φm(e
(b))φn(e
(c))
W ′(e(b))W ′(e(c))
=
r∑
ℓ=1
Cmn
ℓ(t)
∑
b,c
M
(i)
bc
φℓ(e
(b))
W ′(e(b))W ′(e(c))
, i = 1, · · · , r (95)
which look like operator product expansions for chiral primaries. Taking 3 of SU(3)
and 10 of SU(5) as test examples, we have confirmed that this somewhat complicated
relation holds correctly. These examples are non-trivial enough to convince us that the
A-D-E Gauss-Manin system has the logarithmic solutions (90). The general proof of the
statement is highly desirable.
6 Discussions and conclusions
We have studied the low-energy effective prepotential of N = 2 supersymmetric Yang-
Mills theory with A-D-E gauge groups. In the weak-coupling region we have solved the
Picard-Fuchs equations for the SW periods, and constructed the solutions in the form
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of a power series. Commutativity between the differential operators ∂
∂tr
and Lij of the
Gauss-Manin system (22) is important for this construction. Then we have computed
one-instanton corrections to the prepotential and shown that the present results agree
with the ones obtained from the microscopic approach.
The SW curves (1) are identical with the spectral curves for the periodic Toda lattice.
We stress that, for the fundamental representations, while the spectral curves for Ar and
Dr are of hyper-elliptic type, they are not for E6, E7 and E8. Let us show that the
hyper-elliptic ansatz for the SW curves fails in producing the relation (52) for the E-type
gauge groups. Take the fundamental representation Rf with dimension d of G = ADE
where d = (r + 1), 2r, 27, 56, 248 for Ar, Dr, E6, E7, E8, respectively. The hyper-elliptic
curve proposed in [6] takes the form
y2 = P
Rf
G (x)
2 − Λ2hx2d−2h, (96)
where the characteristic polynomial P
Rf
G (x) is given in (14). These curves are inferred
from embedding the representation Rf into the curves for N = 2 supersymmetric QCD
with the SU(d) gauge group and massless Nf = 2d− 2h fundamental flavors.
Corresponding to the curves (96), therefore, one may write down the one-instanton
contribution to the prepotential
F1(a)Λ2h = Λ
2h
2πi
∑d
i=1 b
2d−2h
i ∆(b1, · · · , b̂i, · · · , bd)
∆(b1, · · · , bd) , (97)
with bi = (λ
(i), a), which is evaluated from the prepotential of N = 2 SU(Nc) QCD
with Nf flavors [5]. It is shown that (97) agree with those obtained from microscopic
calculations in the case of AD-type gauge groups. For the E-type gauge groups, however,
the expression (97) behaves quite differently from the microscopic results. This can be
easily seen by investigating the singularity structure of F1. For the hyper-elliptic curves
(96), the pole structure of F1 is characterized by the discriminant of the polynomial
P
Rf
G (x)
∆(b1, · · · , bd) =
∏
i<j
(λ(i) − λ(j), a)2 (98)
which depends explicitly on the weight vectors λ(i) ofRf . On the other hand, the spectral-
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curve analysis predicts that the singularity structure of F1 is characterized by
∏
α∈∆+
(α, a)2 (99)
as is discussed in section 4. It is clear that (98) and (99) do not agree with each other for
the E-type gauge groups. Therefore only the spectral curves associated with the periodic
Toda lattice describe the non-perturbative corrections to the low-energy effective actions
of N = 2 Yang-Mills theory with the E-type gauge groups. This is in accordance with
the result obtained by the method of N = 1 confining phase superpotentials [20]. An
analogous situation has been observed for N = 2 G2 theory [23],[7].
In this paper we have found an interesting interplay between the A-D-E singularity
theory and the non-perturbative weak-coupling properties of the SW-type solutions of
N = 2 Yang-Mills theory. It will be worth studying the massless soliton points and
N = 2 superconformal points [24] in the strong-coupling region of vacuum moduli space
in a systematic manner based on the A-D-E singularity/LG point of view.
We are grateful to S. Hosono and Y. Yamada for stimulating discussions. The work
of S.K.Y. was partly supported by Grant-in-Aid for Scientific Research on Priority Areas
(Physics of CP Violation) from the Ministry of Education, Science, and Culture of Japan.
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